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ABSTRACT 
We use addition theo~ on the Abelian group (Z.,, +)  to generalize Vitek's bound 
and obtain some estimated formulas for the Frobenius numbers. 
1. INTRODUCTION AND NOTATION 
Suppose a 0 . . . . .  a, are distinct positive integers x~4th ged(a o . . . . .  a,)  = 1. 
Then we define ~(a  0 . . . . .  a s) to be the least integer m such that eveD~ 
integer k >~ m can be expressed in the form k = coa o + "" +c~a~, where 
c 0 . . . . . .  c~ are some nonnegat ive integers. A well-knoval result due to Schur 
shows that ~(a  0 . . . . .  G)  is well def ined when ged(a 0 . . . . .  a,)  = 1. 
Suppose a is real. We use the notat ion [a] and [a] to denote,  respectively, 
the greatest integer which is not greater than a and the least integer which is 
not less than a. 
If  s >/2  and it is impossible to choose a I and a,,, from the set {a 0 . . . . .  a~}, 
def ined as above, such that for any 0 ~ i ~< s, a~ can be expressed in the 
form a i = ci~a l 4- ci2a m where c~ c~ are some nonnegat ive integers, then 
\xtek s bound [1] is that ~(a  0 . . . . .  a , )  ~< [½a0](a, - 2). 
In Section 3, we general ize Vitek's bound and obtain ~(a  o . . . . .  a )  ~< 
{(ao - s - 1 + 1)/[½(s + 1)1 + 1} G - a0 - l + 1, where 1 is the least non-  
I½(, negative integer such that + l ) ]1% s -  1 + 1. In Section 4, we 
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obtain some stronger formulas, particularly under the condition that s = 3 
and ged(a 0, a 1, a 2) = 1. 
2. A RESULT ON ADDIT ION THEORY IN A F IN ITE  
ABELIAN GROUP 
Let (Z,, o, +)  = {0, 1 . . . . .  a 0 - 1} be the finite Abelian group with the 
operation + modulo ao, and A, B the subsets of Z .... such that 0 ~ A, 
0 ~ B, and Iel, [BI > 2, where 1el denotes the number of elements in A. 
We define A +B ={a +b ~Z, , , :a  ~A,  b ~B} cZa , .  
LEMMA 2.1 [4, 6]. Suppose A, B c Zao and 0 ~ A A B. Then there 
exists a subgroup H of Za, ' such that 
A + B + H = A + B and IA + BI >- IA + H[ + IB + HI - IHI. 
CO~IOLLARY 2.1.1. Under the conditions of Lemma 2.1, if a o is prime, 
then 
IA + BI >/ min(a0,1AI + IB [ -  1). 
Proof. Since a 0 is a prime, by Lemma 2.1 we know that either H = Z<,, 
i.e., A + B = A + B + H = Zao, or H = {0}, i.e., IN + BI > Iel + IBI - 1. 
THEOREM 2.1. Let A, B, H be defined as Lemma 2.1, and let H = 
[0, m, 2m . . . . .  (ao /m-  1)m}, mlao (we define m =a o /f H =(0}). I f  
B = {0, b 1 . . . . .  b~}, s > 1, and gcd(a o, b 1 . . . . .  b s) = 1, then 
(1) [A + BI >~ min(ao, IAI + IHI), 
(2) IA + BI > min(a o, IAL + [½IBID. 
Proof. (1): I fm = 1, i.e., H =Z, , , then  A +B =A +B +H =Z a- 
I fm=a o,i.e., H={0}, then  A+B >]A I+IB] -  1 >[A[+ HI. 
I f  I <m <%,  note that gcd(ao, b~ . . . . .  b, , )= 1 and gcd(ao, m, fm,  
. . . .  (ao /m-  1)m)=m> 1;then HcB +Hand H-~B +H, i .e . , (B  + 
H)  \ H v~ 0 .  It is easy to prove 
b~(B+H)  \H  ~ b+jm~(B+H)  \H  
a o 
for every j = 0, 1 . . . . .  - -  - 1. 
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So I(B + H)  \ HI /> ao/m = IHI, from which IA + BI >/IA + HI + IB + 
HI -  IUl = IN + HI + I(B + H)  \ HI/> Iel + IUl. 
(2): Bv (1) and Lemma 2.1, we have ]A + B] /> min(a 0, I el + ½1 B]), from 
which (2)" follows because ]A + B] is a integer. 
REMARK. In Theorem 2.1, the equality is accessible. For example, let 
A = B = {0,1,4,5} CZs ; then  A + B = {0,1,2,4,5,6} cZ  s. 
TtiEOREM 2.2. Suppose ged(a 0, a I . . . . .  a;) = l and l is the least non- 
f½( . . . . .  negative integer such that + l)] I a o s 1 + 1. Let K = (a~ s l 
1 
+ 1) / [g(s  + 1)], A = {0, al, a 2 . . . . .  a~} c Za,  and A 0 = {0, a I . . . . .  a, l} c 
Za.  Denote 
Then 
K 
Ao A~ = AoA + A + ... +A.  
A o A K -- Za . 
Proof. By Theorem 2.1(2), using induction on K, we can prove 
IAoAKI >/min(a0,lA01 + K[½1AI]) 
= rain(a0, s -  1 + 1 + K[½(s + 1)]) 
= a0, 
from which Theorem 2.2 follows. • 
The follo,Mng theorem is equivalent to Theorem 2.2 (as is easily proved): 
THEOREM 2.2'. Let  K and l be defined as in Theorem 2.2. I f  
gcd(a0, ai . . . . .  a , )=  1 and a i ~ aj (rood a o) fi~r any i # j ,  0 ~ i, j <~ s, 
then fi~r ever~j integer m such that 0 ~ m ~ % - 1, there are nonne~ative 
integers %,  ~2 . . . .  , % such that: 
(1) a la  1 + a,2a 2 + "" +as% - m (mod %); 
(2) either al + ~2 + "'" +% <~ K, or ~ + "" +% = K + 1 and 
O~,s-l+l -[- O/s 1+2 + "'" +a ,  ~< K. 
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3. THE GENERAL IZAT ION OF VITEK'S BOUND 
LEMMA 3.1 [1]. Suppose ged(a o, a l . . . . .  a~) = 1. For each residue class 
modulo a o choose its least representative, expressible as' alo~ 1 + a2o/2 
+ .." +as% , a 1 . . . . .  a nonnegative integers. Choose the greatest o f  these 
representatives, a I /31 + a2/32 + "'" + a~/3~. Then 
• (a  o, a I . . . . .  a~) = a 1/31 + a2/32 + "'" +a~/3,~ - a o + 1. 
! 
T~IEOREM 3.1. Let  K and 1 be defined as in Theorem 2.2, and suppose 
gcd(a o,a I . . . . .  a~) = 1, 0 < % < a 1 < "" < a~, and a i ~ aj (mod %) fo r  
any i 4= j .  Then 
di)(a O,a I . . . . .  as) ~< ( 
a° -s - l+ l  ) 
[½(s + 1)] + 1 a~- l -a  o + 1. 
Pro@ Let m =a 1/31 +a 2/32 + ' ' "  +a~/3.,, as defined as Lemma 3.1. 
By Theorem 2.2', there are nonnegative integers al ,  a 2 . . . . .  % such that 
a la  1 + a2a 2 + "" +a ,% =-m (rood %) and satisfying condition (2) in 
Theorem 2.2'. By the definition of m we have m ~< a la  ~ + a2a  2 
+ "" +as%,  so 
dP( ao, a 1 . . . . .  as) 
=m-ao+l  
a la  1 + a2a. 2 + "" +as c L - a o + 1 
+ "'" + + "'" 
<~ a _l + Ka - a o+ 1 
~< (K+ 1)a~- l -%+ 1. 
-a  o + 1 
COROLLARY 3.1.1. Under the condition o f  Theorem 3.1 , / fs  = 2, then we 
1 get Vitek's bound dp(ao, al, a 2) ~ [Ta0](a 2 - 2). 
Pro@ 
a° -3+l  
) ~(a° '  a l '  a'2) ~< 2 + 1 a 2 - a o + 1 - 1 
a o - 1 + l 
(a2  --  2 )  = [½a, , l (a2  --  2 ) ,  
2 
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the last equality is because l is the least nonnegative integer such that 
2 la  o - I + l .  • 
TIlEOttEM 3.2. Under the comlitiotl,s' o f  Theorem 3.1, ! f  a o i,s" prime, then 
[ a 0 - 2 ] • (<, . . ,  . . . . .  <)  ~ + I ( .  - , . , ) .  
,) 
Proof. Let 1 be the least nonnegative integer such that .s'la 0 - 1 + 1, 
and let K=(%-  1 + l - s ) / s ,  A ={0,  a I . . . . .  a~} oZ,, , ,  A 0 = {0, a~. 
. . . .  a :} c Z,,,. By Corollary 2.1.1, using induction on K, we can prove that 
IAoA~<I >~ ,,,in(a0, IAol + KIA I  - K) = ,nin(a o, .s' - [ + I + /¢s') = a o. 
So A o A t< - Z,  . Similarly to Theorem 3.1, we can prove 
l% - 2 1 o( ( , , , . . ,  . . . . .  (,.) ~ (K+ 1) ( , , -1 - : , , ,  + ~ = ~ + 1 (~,. -~) .  • 
REMABK. When a0, a~ . . . . .  a, is an arithmetic progression with the 
common difference 1, by Roberts formula [3] we know in Theorem 3.2 the 
equality is accessible. 
It should be interesting to compare our bound for the triple (137, 251,256) 
with })ounds obtained previously by various authors. Lewin in [2] obtains 
00(137, 251,256) ~ 31,750, and Vitek in [1] obtained 00(137, 251,256) 
17,272. Now we let A = {137} LJ {251x + 256,~/ : x, ~j integers" and 0 < x + 
to, ~< 5}. It is easy to prove A satisfies the conditions of Thet)retn 3.2: 
tJ/ereJ})re 
137-2  ] 
0 (137 ,251 ,256)  = O(A)  4 - ~ + 1 (256 × 5 -  20) = 8820. 
But what we want to point out is that we can obtain stronger bounds provided 
that some more tmmbers 251x + 256!1 are added to A. 
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4. THE CASE s = 3 
JIAN SHEN 
In the section, we suppose s = 3 and gcd(a o, a 1, a 2) = 1, these results 
are very useful in a working paper of ours on combinatorial matrix theory. 
DEFINITION 4.1. Suppose A c Z~o and 1 vs d I ao. We define A(mod d) 
= {a ~ Zd:exists  a 1 ~ A such that a - a I (rood d)}. 
We know A(mod d)  c Z d. 
THEOREM 4.1. Suppose gcd(a o, a 1, a. 2) = 1, 0 < a 0 < a 1 < a 2 < a 3, 
and a i ~ aj (rood a o) fo r  any i -vsj. Let A = {0, a l, a 2, a 3} C Zao , A o = 
{0, a x, a.2} c Z<~, and 
Then 
- 2  a0-1+/  
where 0 ~ l <<, 2. 
(1) I f  both 21ao  and I A (mod%/2) l=2,  then ~(a  o,a 1,a 2 ,a  3)<<. 
a2(ao /2 -2)+a 3-a  0 + 1. 
(2) I f  either 2 I ao + 1 or I A(mod %/2)1 >/3, then ~(a  o, a 1, a 2, a 3) <~ 
(K  - l)a 3 + la, 2 - a o + 1. 
Proof. (1): Suppose A(mod a,0/2) = {0, a} c Za0/2. It is easy to prove 
that god(a, %/2)  = 1. Let {a' 1, a 2, a a} = {a 1, a 2, a 3} such that a' 1 -= %/2 
' ' ' - a (mod a0/2),  and a'. z =- a' a + ao /2  (mod ao). (modao) ,a  2 <a 3,a'  2~a 3 
Then for any integer ra such that 1 ~< m ~< a o - 1 and m # a0/2 ,  there 
exists some a such that 1 ~< o~ ~< ao/2  - 1 and an - m (mod %/2) .  Now 
we define 
a~ a - m (rood a0),  
' a° (rood a0) a'z °~-  m + 2 
So a',2( a - ~ ) + a'a ~ - m (mod a0). Therefore, by Lemma 3.1, 
O ao ol O2 o3' o: ('i 2ta + 4 Oo+1 
2)o2+o3 oo+  
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(2): F i rst ly ,  we  prove  ]B + Aj] ~ min(a  o, ]BI ÷ tail - 1), where  B c Z,,,, 
0~ B, and Aj =A 0 or A 2 =A.  I f  Aj =A o then bv Theorem 2.1(2) 
]B + Aj[ ~> min(ao ,  [B[ + [~] = min(ao, IBI + [Ajl - 1). So we let Aj = A. 
By Lemma 2.1, there exists a subgroup H = {0, m, 2m, ., (ao /m ± 1)m} 
c: Z,,,, where m I a0, such that B + Aj = B + Aj + H and ]B + A j] >~ I B + 
HI+IA /  + U l - lg l .  
Case 1: H = Z,, ° or H = {0}. It is trivial. 
Case 2 :1  < m ~< ao/3,  i.e., [HI >/3. By Theorem 2.1(1), IB + Ajt >/ 
min(ao, IBI + ISl)  >/ min(a o, IBI + tAil - 1). 
Case 3: m = ao/2  , i.e., I Ht = 2. Since ]Aj(mod ao/2)l >/ 3, we have 
IAj + HI >t 6, so IN + AjI >/IB + HI + IAj + H{ - [HI >~ IBt + 6 - 2 >1 
IBI + Ie j l -  1. 
Therefore we have proved tB + A/I >/min(a~, IBI + Ie j l -  1), where 
A/ = A o or Aj = A, so by induction we can prove that 
[AtonK-q >~ min(ao, 1 + / ( IA , , I -  1) + (K  - / ) ( IA I -  1)) 
= min(a o,1 + 2 l+ 3(K - l ) )  =a  o, 
i.e., Ato A K / = Z,,. By Lemma 3.1, similarly to Theorem 3.1, we have 
* (  ao, a,, a2, a3) ~ la 2 + ( K - l )a  s -% + 1 
a o - 1 
- - -5-- - (~,3 - 3), ,3 I a,, - 1, 
(a , ,+ , )  
2 a.~ +2ao-% + I, 31a  o + 1. 
3 
TltEOREM 4.2. Uuder the condition of  Theorem 4.l, i f  either 2 I ao + 1 
or I A(mod ao/2) l  >~ 3 is tr~e and there exist mmnegati~)e integers l~, l 2, and 
l:~ such that 1 <~ ls, l~ + 12 ~ l:3 <~ K - I, and aal:~ = a,l I + a212 (rood ao)~ 
then 
a d - 1)a:  + (K  + - a,, + 1. 
Pro@ Since Alo At< l=  Z~,. and aal ;3-  all I + a,al, 2 (rood ao) , where 
1 ~ I a and l I + l 2 ~< la, it is easy to prove that for any integer m such that 
0 ~ m ~< a 0 - 1, there exist nonnegative integers al ,  c~2, a:3 such that 
(1 )  a la  1 + a2c~ 2 + a3a3 - m ( rood  %), 
(2)  a~ + ~,~ + ol a ~ K and  a,s ~ l :~-  1. 
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Then by Lemma 3.1, we have qb(a0, a~, a 2, a 3) ~< (1 a - 1)a 3 + (K  - l 3 + 
1)a 2 - % + 1. • 
Finally, to conc lude this paper,  we state two theorems on the condit ion 
s = 2 (easily proved).  
THEOREM 4.3. Suppose gcd(a 0, a l, a 2) = 1, 0 < a o < a I < a 2, and a~ 
aj (rood a 0) fi)r any i -¢ j .  Let K=[ao /2 J=(a  o -  1+1) /2 ,  where 
0 <~ 1 ~ 1. I f  there exist nonnegative integers' 11 and 12 such that 1 <~ 12, 
l~ <<, 12 ~ K - l, and a212 = all 1 ( lnod a0), then 
Cb(ao,a~,a2)  <~ (12 - 1)a2 + (K  - le + 1)a  I - a o q- 1. 
THEOREM 4.4. Suppose gcd(a o, al ,  a 2) = 1 and a i ~ aj (rood a o) fo r  
any i ¢ j .  I f  a 2 + 2a I - 0 (mod a o) and also there exist positive integers l 1 
and 12 such that a212 - all 1 (rood ao), then 
( I)(ao, a 1, a2) ~< max( ( /2  - 1 )a  2 + a~, ([1 -]- X)a])  - -  a(, Jr- 1, 
fD(ao, al, a2) <-~ max(12a ~ + a 1, ( l ,  -- 1 )a , )  -- % + 1. 
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